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The realization that all relevant physical rela- 
tivistic systems are described at the classical level 
by singular Lagrangians and Dirac-Bergmann 
Hamiltonian theory of constraints [|l],D, stimu- 
lated a research program trying to find a uni- 
fication of the mathematical description of the 
four (electroweak, strong and gravitational) in- 
teractions and, after a canonical reduction, their 
reformulation only in terms of Dirac's observables 
without any kind of gauge degrees of freedom. 
See the review papers M for the formulation 
and the evolution of the program. See Refs.Q 
for the differential geometric setting behind con- 
straint theory (in particular the theory of presym- 
plectic manifolds in the case of first class con- 
straints 0,0]) and Refs.B] for the reformulation of 
the theory of singular Lagrangians and of con- 
straints in terms of the second Noether theorem. 
The adopted definition of Dirac's observables is 
based on the Shanmugadhasan canonical tralsfor- 
mationQ in the eleboration of Refs. [§[11,01 (see 
also Refs.|l^]) based on the transformation of the 
Hamilton-Dirac equations in the so-called multi- 
temporal equations [^ (see Ref.||ll[] for previous 
attempts to define multiparametric equations de- 
scribing the gauge transformations generated by 
first class constraints). 

For systems with only first class constraints, 
like those describing the four interactions, one 
looks for new canonical bases in which all first 



class constraints are replaced by a subset of 
the new momenta (Abelianization of the con- 
straints); then the conjugate canonical variables 
are Abelianized gauge variables and the remain- 
ing canonical pairs are special Dirac observ- 
ables in strong involution with both Abelian con- 
straints and gauge variables. These Dirac ob- 
servables, together with the Abelian gauge vari- 
ables, form a local Darboux system of coordi- 
nates for the presymplectic manifold 7 defined 
by the original first class constraints (this man- 
ifold is coisotropically embedded S in the origi- 
nal phase space, if suitable mathematical condi- 
tions are satisfied) . In the multi-temporal method 
each first class constraint is raised to the sta- 
tus of a Hamiltonian with a scalar parameter 
describing the associated evolution (the genuine 
time describes the evolution generated by the 
canonical Hamiltonian, after extraction from it 
of the secondary and higher order first class con- 
straints): in the Abelianized form of the con- 
straints these "times" coincide with the Abelian 
gauge variables on the solutions of the Hamil- 
ton equations. These coupled Hamilton equations 
are the multi-temporal equations: their solution 
describes the dependence of the original canoni- 
cal variables on the time and on the parameters 
of the infinitesimal gauge transformations, gen- 
erated by the first class constraints. Given an 
initial point on the constraint manifold, the gen- 



eral solution describes the gauge orbit, spanned 
by the gauge variables, through that point; in- 
stead the time evolution generated by the canon- 
ical Hamiltonian (a first class quantity) maps one 
gauge orbit into another one. For each system the 
main problems are whether the constraint set is a 
manifold (a stratified manifold, a manifold with 
singularities...), whether the gauge orbits can be 
built in the large starting from infinitesimal gauge 
transformations and whether the foliation of the 
constraint manifold (of each stratum of it) is ei- 
ther regular or singular. Once these problems are 
understood, one can check whether the reduced 
phase space (Hamiltonian orbit space) is well de- 
fined. 

Since for all isolated systems defined on 
Minkowski spacetime there is the Poincare kine- 
matical symmetry group globally canonically im- 
plemented pjl [for field theories the boundary 
conditions on the fields must be such that the 
ten Poincare generators are finite], the presym- 
plectic manifold 7 is a stratified manifold with 
the main stratum (dense in 7) containing all con- 
figurations belonging to timelike Poincare real- 

-2 
izations with spin [P^ > 0, VF^ = -P'^S ^ 0; 

S is the rest- frame Thomas spin]. Then there 
will be strata with i) P^ > 0, W"^ = 0, and 
ii) P^ — 0; iii) P'' = 0, the infrared stratum; 
the spacelike stratum P^ < must be absent, 
otherwise there would be configurations of the 
system violating Einstein causality. Each stra- 
tum may have further stratifications and/or sin- 
gularity structures according to the nature of the 
physical system. Therefore, the canonical bases 
best adapted to each physical system will be the 
subset of Shanmugadhasan bases which, for each 
Poincare stratum, is also adapted to the geom- 
etry of the corresponding Poincare orbits with 
their little groups. These special bases could be 
named Poincare-Shanmugadhasan (PS) bases for 
the given Poincare stratum of the presymplectic 
manifold; till now only the main stratum P^ > 0, 
W^ ^ 0, has been investigated. Usually PS bases 
are defined only locally and one needs an at- 
las of these charts to cover the given Poincare 
stratum of 7; for instance this always happens 
with compact phase spaces. When the main stra- 



tum of a noncompact physical system admits a 
set of global PS bases (i.e. atlases with only 
one chart), we get a global symplectic decoupling 
(a strong form of Hamiltonian reduction) of the 
gauge degrees of freedom from the physical Dirac 
observables without introducing gauge-fixing con- 
straints; this means that the global PS bases give 
coordinatizations of the reduced phase space (the 
space of Hamiltonian gauge orbits or symplectic 
moduli space). 

The program of symplectic decoupling was ini- 
tiated by Dirac himself |13[ , who found the Dirac 
observables of the system composed by the elec- 
tromagnetic field and by a fermionic (Grassmann- 
valued) field (whose Dirac observables are fermion 
fields dressed with a Coulomb cloud). Subse- 
quently global Dirac observables (i.e. PS bases) 
were found for the following systems: 

a) Relativistic two-body systems with action- 
at-a-distance interactio ns H ] . 

b) The Nambu string |lj~^ 

c) Yang-Mills theory with Grassmann-valued 
fermion fields [Q in the case of a trivial princi- 
pal bundle over a fixed-x° R^ slice of Minkowski 
spacetime with suitable Hamiltonian-oriented 
boundary conditions. After a discussion of the 
Hamiltonian formulation of Yang-Mills theory, of 
its group of gauge transformations and of the Gri- 
bov ambiguity, the theory has been studied in 
suitable weigthed Sobolev spaces where the Gri- 
bov ambiguity is absent. The physical Hamilto- 
nian has been obtained: it is nonlocal but with- 
out any kind of singularities, it has the correct 
Abelian limit if the structure constants are turned 
off, and it contains the explicit realization of the 
abstract Mitter-Viallet metric. 

d) The Abelian and non-Abelian SU(2) Higgs 
models with fermion fields p^ , where the sym- 
plectic decoupling is a refinement of the concept 
of unitary gauge. There is an ambiguity in the 
solutions of the Gauss law constraints, which re- 
flects the existence of disjoint sectors of solutions 
of the Euler-Lagrange equations of Higgs mod- 
els. The physical Hamiltonian and Lagrangian of 
the Higgs phase have been found; the self-energy 
turns out to be local and contains a local four- 
fermion interaction. 

e) The standard SU(3)xSU(2)xU(l) model 



of elementary particles [[Tsl. The final reduced 
Hamiltonian contains nonlocal self-energies for 
the electromagnetic and color interactions, but 
"local ones" for the weak interactions implying 
the nonperturbative emergence of 4-fermions in- 
teractions. To obtain a nonlocal self-energy with 
a Yukawa kernel for the massive Z and W^ bosons 
one has to reformulate the model on spacelike hy- 
persurfaces and make a modification of the La- 
grangian. 

Moreover, also nonrelativistic Newton mechan- 
ics has been reformulated as a many-times theory 
with first class constraints |19[. With a suitable 
contraction on the ADM Lagrangian for general 
relativity, a singular Lagrangian for Newtonian 
gravity with general Galilei covariance has been 
found PQ]: there are 27 fields and many first and 
second class constraints at the Hamiltonian level 
connected with the inertial forces and the Newton 
gravitational potential. 

However, all the Hamiltonian reductions of rel- 
ativistic gauge field theories suffer of the problem 
of Lorentz covariance: one cannot make a com- 
plete Hamiltonian reduction for systems defined 
in Minkowski spacetime without a breaking of 
manifest Lorentz covariance. A universal solution 
of this problem has been found by reformulat- 
ing[|l^,^ 22 1 every relativistic system on a fam- 
ily of spacelike hypersurfaces foliating Minkowski 
spacetime Q. In Ref.|2^] there is a consistent for- 
multation of the system of N scalar charged par- 
ticles (with the charges described in a pseudo- 
classical way with Grassmann variables p3|) and 
of the electromagnetic field on spacelike hyper- 
surfaces, with the Coulomb potential extracted 
from field theory by means of the canonical reduc- 
tion to Dirac's observables (for both the field and 
the particles, which are dressed with a Coulomb 
cloud) and with the pseudoclassical self-energies 
regularized by the Grassmann charges. On space- 
like hypersurfaces, one has a covariant 1-time de- 
scription of scalar particles, in which each particle 
is described by 3 coordinates on the hypersur- 
face. This implies that the mass-shell constraint 
for each particle has been solved and that one 
has done a choice of the sign of the energy of 
each particle. This solves the covariance prob- 
lem present in the standard manifestly covari- 



ant Lagrangian description of charged particles 
plus the electromagnetic field: at the Hamilto- 
nian level one does not know how to eveluate 
the Poisson bracket of the particle mass-shell pri- 
mary constraints with the electromagnetic pri- 
mary constraints, because there is no notion of 
equal time among them. The extension of this 
approach to colored particles (with the color de- 
scribed by Grassmann variables) and with Yang- 
Mills theory reformulated on spacelike hypersur- 
faces is beginning to produce the pseudoclassi- 
cal basis of the relativistic quark model [g4|: be- 
tween two color charge densities (either a particle 
with color charge or field charge density) three 
kinds of interactions act [direct Coulomb inter- 
action; direct Coulomb interaction between one 
density and a point (over whose location it is inte- 
grated) and a Dirac-observable Wilson line inter- 
action along the flar geodesic between the point 
and the other density; each density interacts with 
a point through a geodesic Wilson line and there 
is a Coulomb interaction between the two points 
(over whose locations it is integrated)] and there 
already is an indication of the presence of asymp- 
totic freedom in the quark-antiquark sector un- 
der the hypothesis of color singlets (zero quark- 
antiquark total color charge plus no fiux at infin- 
ity of total Yang-Mills non-Abelian color charge). 

Therefore, at this stage one knows the descrip- 
tion on spacclike hypersurfaces of scalar particles 
and of bosonic fields (see Ref . |2|] for the general 
theory). What is still to be done is the reformula- 
tion of Grassmann-valued Dirac fields on space- 
like hypersurfaces, which is connected with the 
treatment of tetrad gravity and the description 
of spinning particles. 

In this way one obtains the minimal breaking 
of Lorentz covariance: after the restriction from 
arbitrary spacelike hypersurfaces to spacelike hy- 
perplanes, one selects all the configurations be- 
longing to the main Poincare stratum and then 
restricts oneself to the special family of hyper- 
planes orthogonal to the total momentum of the 
given configuration (this family may be called the 
Wigner foliation of Minkowski spacetime intrin- 
sically defined by the given system). In this way 
only three physical degrees of freedom, describ- 
ing the canonical center-of-mass 3-position of the 



overall isolated system, break Lorentz covariance, 
while all the field variables are either Lorentz 
scalars or Wigner spin-1 3- vectors transforming 
under Wigner rotations. This method is based 
on canonical realizations of the Poincare group on 
spaces of functions on phase spaces Q and one 
obtains the "covariant 1-time rest-frame instant 
form" of the dynamics and also the covariant 1- 
time relativistic statistical mechanics [pi[ . 

Therefore one has to study the problem of the 
center of mass of extended relativistic systems in 
irreducible representations of the Poincare group 
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with P^ > 0, W^ 



-P^S ^ : it can be 



shown that this problem leads to the identifica- 
tion of a finite world-tube of non-covariance of 
the canonical center-of-mass, whose radius p = 



S I /\/p2 H identifies a classi- 
cal intrinsic unit of length, which can be used 
as a ultraviolet cutoff at the quantum level in 
the spirit of Dirac and Yukawa. As mentioned 
in the papers [^ 21 1, the distances corresponding 
to the interior of the world-tube are connected 
with problems coming from both quantum theory 
and general relativity: 1) pair production hap- 
pens when trying to localize particles at these 
distances; 2) relativistic bodies with a material 
radius less than p cannot have the classical energy 
density definite positive everywhere in every ref- 
erence frame and the peripheral rotation velocity 
may be higher than the velocity of light. There- 
fore, the world-tube also is the flat remnant of the 
energy conditions of general relativity. A problem 
under investigation is the definition of the cen- 
ter of mass of classical fields, because this is the 
classical background of Tomonaga-Schwinger for- 
mulation of the relativistic Cauchy problem for 
quantum field theory p^. 

The next step of the program is the search of 
Dirac's observables for classical tetrad gravity] 28 
[with asymptotically flat spacetimes so to have 
the asymptotic Poincare charges p3 and the same 
ultraviolet cutoff p as for the other interactions] , 
which replaces metric gravity when couplings to 
fermion flelds have to be done, and its coupling 
to the standard particle model. 

Since the previous approaches to tetrad grav- 
ityteOl were all using in some form Schwinger's 



time gauge condition, a new formulation was 
looked for. 

As for Yang-Mills theory, one has to define the 
simplest family of spacetimes to have all possible 
differential geometry techniques available. In the 
case of tetrad gravity, one assumes that the space- 
time M^ is globally hyperbolic and asymptoti- 
cally flat, i.e. M'^ = S x i?, and that the noncom- 
pact globally parallelizable 3-surface S, on which 
the spacelike slices S,- are modeled, is topologi- 
cally trivial and that the Riemannian 3- manifolds 
(Jlr,^g) are geodesically complete, satisfying the 
Hopf-Rinow theorem (so that the geodesic expo- 
nential map is defined on all the tangent space 
TpYiT of at least one point p £ E^) and finally sat- 
isfying the Hadamard theorem pll: in conclusion 
S is diffeomorphic to i?'^, the geodesic exponential 
map is a diffeomorphism from TS to S in each 
point, and there are no conjugate Jacobi points 
and no closed geodesies in E. In particular, the 
orthonormal frame principal S0(3)-bundle over 
St- (whose connections are the spin connections 
determined by the triads) is trivial and the 3- 
manifold S,- admits smooth global charts. 

Then, by using S^-adapted coordinates, one 
has found a parametrization of arbitrary tetrads 
and cotetrads on M* in terms of special S,-- 
adapted tetrads and cotetrads and of 3 angles 
parametrizing point-dependent Wigner boosts for 
timelike Poincare orbits. Then these variables 
are reexpressed in terms of lapse and shift func- 
tions, of cotriads on T,^ and of the 3 boost an- 
gles. Putting these variables in the ADM action 
for metric gravity p2[ (with the 3-metric on E,- 
expressed in terms of cotriads), one gets a new 
action depending only on lapse, shifts and co- 
triads, but not on the boost angles (therefore, 
there is no need of Schwinger's time gauge: the 3 
primary constraints describing the Lorentz boost 
on TEt- are automatically Abclianizcd, being de- 
scribed by three vanishing momenta). There are 
10 primary and 4 secondary first class constraints 
and a vanishing canonical Hamiltonian. Besides 
the 3 constraints associated with Lorentz boosts, 
there are 4 constraints saying that the momenta 
associated with lapse and shifts vanish, 3 con- 
straints describing rotations, 3 constraints gen- 
erating Et- space-diffeomorphisms (a linear com- 



bination of supermomentum constraints and of 
the rotation ones) and one superhamiltonian con- 
straint. It turns out that with the technology de- 
veloped for Yang-Mills theory, one can Abelian- 
ize the 3 rotation constraints and then also the 
space-diffeomorphism constraints. In the result- 
ing quasi-Shanmugadhasan canonical basis, one 
is left in the physical sector with reduced cotri- 
ads depending only on 3 degrees of freedom (they 
are Dirac's observables with respect to 13 of the 
14 first class constraints) and with their conju- 
gate momenta still subject to the reduced form 
of the superhamiltonian constrain (which now has 
zero Poisson bracket with itself) : this is the phase 
space over the superspace of 3-geometries Q . 

In the Abelianization of the rotation con- 
straints one needs the Green function of the 3- 
dimensional covariant derivative containing the 
spin connection. It will be well defined only if 
there is no Gribov ambiguity and this will re- 
quire the use of weighted Sobolev spaces like in 
Yang-Mills theorymow there is also the implica- 
tion that isometrics of the Riemannian 3-manifold 
(ErT^g) must be absent |3J]. The Green function 
is similar to the Yang-Mills one for a principal 
S0(3)-bundle [|l6[, but, instead of the Dirac dis- 
tributionfli^ for the Green function of the fiat 
divergence, it contains the DeWitt function [p5[ 
(which reduces to the Dirac distribution only lo- 
cally in normal coordinates). Moreover, the def- 
inition of the Green function now requires the 
geodesic exponential map. Not having a group 
theoretical control on the diffeomorphism group, 
the Abelianization of the space-diffeomorphism 
constraints is only a property of the algebra of 
the infinitesimal diffeomorphisms, without a real 
understanding of the global problems of finite dif- 
feomorphisms. However the multitemporal equa- 
tions generated by the space-diffeomorphisms can 
be written explicetly and a global solution can 
be found. The original cotriad can be expressed 
in closed form in terms of 3 rotation angles, 3 
diffeomorphism-parameters and the reduced co- 
triad depending only on 3 independent variables. 

Till now no coordinate condition |36|| has been 
imposed. It turns out that these conditions 
are hidden in the choice of how to parametrize 
the reduced Dirac-observable cotriads in terms 



of three independent functions. The simplest 
parametrization (the only one studied till now) 
correspond to choose a system of 3-orthogonal 
coordinates on S,-, in which the 3-metric is di- 
agonal. With a further canonical transformation 
on the reduced cotriads and conjugate momenta, 
one arrives at a canonical basis containing the 
conformal factor of the 3-geometry and its conju- 
gate momentum plus two other pairs of conjugate 
canonical variables. The reduced superhamilto- 
nian constraint, expressed in terms of these vari- 
ables, turns out to be an integral equation for 
the momentum conjugate to the conformal factor 
(which, therefore, is a gauge variable) due to the 
signature of the DeWitt supermetric. 

This is a schematic description of the prelimi- 
nary results obtained in pure tetrad gravity. A lot 
of work has still to be done: i) a comparison with 
the standard York reduction |^,^,Q based on 
conformal techniques, in which the superhamilto- 
nian constraint becomes the elliptic Lichnerowicz 
equation for the conformal factor and in which 
one uses York's cosmic time [^ (the trace of the 
extrinsic curvature of E,-, usually assumed to be 
a maximal slice); ii) a better understanding of the 
integral equation; iii) a study of the Hamiltonian 
boundary conditions and of the surface terms 
needed to have well defined Poisson brackets and 
Hamilton equations jS^; iv) a detailed study of 
the Hamiltonian asymptotic symmetries at spa- 
tial infinity |2^ [see Rcfs.|Q for the covariant 4- 
dimensional spi approach to the problem] and of 
the boost problem PH, to arrive at a definition of 
the asymptotic Poincare charges (without super- 
translation ambiguities), of the intrinsic spin and 
of the asymptotic Poincare Casimirs, needed to 
build the intrinsic unit of lenght p (absent in a 
compact universe, liked by Einstein for avoiding 
boundary conditions and by Wheeler p8] to have 
a full implementation of Mach's ideas), which is 
an intrinsic candidate for a ultraviolet cutoff; v) 
to verify the positivity of energy; vi) to under- 
stand the nature of the ADM slices S^. selected 
by this canonical reduction (replacing the maxi- 
mal slices of York's approach) : for the pure gauge 
case (fiat Minkowski spacetime solution) the slices 
are conformal to spacelike hyperplanes, which are 
deformed in presence of curvature (since the S^-'s 



are not compact, Yamabe theorem does not ap- 

ply)- 

Further problems are how to deparametrize 
the theoryp^, so to reexpress it in the form of 
parametrized field theories on spacelike hyper- 
surfaces in Minkowski spacetime. This is an ex- 
tremely important point, because, if we add N 
scalar particles to tetrad gravity (whose reduction 
to Dirac's observables should define the N-body 
problem in general relativity) , the deparametriza- 
tion should be the bridge to the previously quoted 
theory on spacelike hypersurfaces in Minkowski 
spacetime pl[ in the limit of zero curvature. A 
new formulation of the N-body problem would 
be relevant to try to understand the energy bal- 
ance in the emission of gravitational waves from 
systems like binaries. If it will be possible to find 
the Dirac observables for the particles, on will 
understand how to extract from the field theory 
the covariantization of Newton potential (one ex- 
pects one scalar and one vector potential[Q) and 
a mayor problem will be how to face the expected 
singularities of the mass-self-energies. 

Finally one should couple tetrad gravity to the 
electromagnetic field, to fermion fields and then 
to the standard model, trying to make to reduc- 
tion to Dirac's observables in all these cases. 

Only after the completion of the classical re- 
duction program one will start with an attempt to 
quantize the nonlocal and nonpolynomial theories 
obtained in this way, whose Hamiltonians, how- 
ever, are always quadratic in the momenta and 
which will have Wigner covariance when formu- 
lated in the covariant 1-time rest-frame instant 
form of dynamics and in what will be, if any, 
its extension to general relativity. In any case 
the center-of-mass variable of the isolated sys- 
tem, which breaks covariance, does not need to 
be quantized: like the wave function of the uni- 
verse no one can observe it (it is on the classical 
side of the Copenhagen interpretation) . Its non- 
covariance gives us an intrinsic classical unit of 
lenght to be used as a ultraviolet cutoff in quan- 
tization, and the resulting picture would be some 
kind of weak Mach principle: only relative mo- 
tions are relavant and have to be quantized. 
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